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Abstract In this paper we draw on two stochastic opti-
mization techniques, Simulated Annealing and Genetic Al-
gorithm (SAGA), to create a hybrid to determine the op-
timal design of nonlinear Simulated Moving Bed (SMB)
systems. A mathematical programming model based on the
Standing Wave Design (SWD) offers a significant advan-
tage in optimizing SMB systems. SAGA builds upon the
strength of SA and GA to optimize the 16 variables of
the mixed-integer nonlinear programming model for single-
and multi-objective optimizations. The SAGA procedure is
shown to be robust with computational time in minutes for
single-objective optimization and in a few hours for a multi-
objective optimization, which is comprised of more than one
hundred points.

Keywords Simulated moving bed · Standing wave design ·
Simulated annealing · Genetic algorithm · Multi-objective

1 Introduction

Simulated Moving Bed (SMB) is a flexible and powerful
separation tool that has been used for the separation of petro-
chemicals since early 1970s and of sugars since the 1980s
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(Broughton 1961; Ruthven and Ching 1989). The applica-
tion of SMB has been extended into recovery and purifi-
cation of bio-chemicals and pharmaceuticals (Schulte and
Strube 2001; Xie et al. 2001). In an ideal SMB system,
where there are no mass-transfer effects, local equilibrium
analysis guarantees complete separation, which is achieving
100 percent purity and yield (Mazzotti et al. 1997). How-
ever in nonideal systems, where mass-transfer effects are
prevalent, high purity and yield in separation are not easily
achieved.

Ma and Wang (1997) proposed the Standing Wave De-
sign (SWD) for determining the optimal values of operating
variables of nonideal SMB systems with linear isotherms.
Here optimal design refers to the determination of the values
of five variables (the four zone flow rates and the average ve-
locity of port movement) that maximizes throughput or min-
imizes the desorbent consumption. Later the SWD was mod-
ified for nonideal nonlinear SMB systems (Mallmann et al.
1998; Xie et al. 2003b; Lee et al. 2005b). Furthermore, un-
like methods that rely on the equilibrium theory, SWD does
not require time-consuming simulations of SMB processes
to ensure that the purity and yield requirements are satisfied.
Many experimental studies and computer simulations based
on a detailed rate model (VERSE) have verified that SWD
guarantees the desired purity and yield for nonideal SMB
systems with two or more columns in each zone (Wu et al.
1998; Xie et al. 2002, 2003a).

Recent research has considered optimizing additional
variables that are thought to have a large impact on the eco-
nomic efficiency of an SMB unit. Procedures based on SWD
(Lee et al. 2005b; Cauley et al. 2004, 2006), and other proce-
dures including the triangle theory (Ludemann-Hombourger
et al. 2000; Silva et al. 2004), have been used to determine
the optimal particle size, total number of columns, column
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lengths, and the feed concentrations using different objec-
tives such as maximum throughput, product purity, yield,
and as minimum desorbent consumption.

A notable feature of the SWD is a system of algebraic
equations that link product purity and yield to zone lengths,
zone interstitial velocities, port-switching time, isotherms,
and mass-transfer parameters (axial dispersion and lumped
mass-transfer coefficients). Solving this system of equations
provides a systematic procedure for achieving the desired
purity and yield in the presence of mass-transfer effects and
a pressure limit (Ma and Wang 1997; Lee et al. 2005a).

The development of SWD has paved the way for the
formulation of a mathematical programming model of the
SMB design problem. A formal mathematical programming
model of a problem is the initial step toward developing the
ability in using standard optimization techniques to solve the
problem. Cauley et al. formulated a mixed-integer mathe-
matical programming model of SMB systems, with SWD
equations as the core constraints. The problem was then
solved by the algorithm SWAT, which is based on a stochas-
tic optimization technique Simulated Annealing (SA), and
branch-and-bound method (Cauley et al. 2004, 2006).

The SMB optimization results determined by SWAT
were compared to published literature, and showed either
similar or improved values. In addition, the SWAT results
were obtained in an order of magnitude faster than proce-
dures such as grid search (Lee et al. 2005b; Mun et al. 2003).
However, a potential source of error (lack of robustness) in
SWAT was the use of a deterministic branch-and-bound al-
gorithm to solve for the SMB configuration. The branch-
and-bound method used in the SWAT relies on the solu-
tion of “relaxed” optimization problems (non-integer col-
umn configurations) in order to “prune” (ignore) regions
of the complete search space that are deemed to be irrele-
vant. This style of algorithm works extremely well for Inte-
ger Linear Programming problems. The SMB optimization
problem, however, is a nonconvex optimization problem. In
this case, the possibility of incorrectly pruning regions is po-
tentially a serious problem that is often difficult to avoid. In
our experience, the possibility of incorrectly pruning a re-
gion is likely to become more of a problem as the complex-
ity of the constrained optimization increases.

In this paper, a hybrid algorithm SAGA, based on Simu-
lated Annealing and Genetic Algorithm (GA), is introduced.
By replacing the deterministic branch and bound in SWAT
with the stochastic GA for determining the integer variables
of the model, we are presenting an algorithm that is both ro-
bust and computationally efficient. SAGA utilizes the best
of SA and GA for optimizing the design of SMB systems.
As such it is qualitatively different from SWAT or any other
stochastic optimization technique.

The results of optimization by SAGA are presented and
discussed for both single- and multi-objective optimizations

using an example from the literature. It will be shown that
in each optimization the SAGA algorithm determines an
SMB system that shows improvement compared to the one
determined by SWAT and presented in the previous litera-
ture (1–9%). The comparisons lead to the conclusion that the
SAGA algorithm offers additional robustness, with the com-
putational time in minutes for single-objective optimization
and in a few hours for multi-objective optimization, which
is comprised of more than one hundred points. Implemen-
tation of SAGA was coded in MATLAB 7.0 and run on a
2.2 GHz Pentium 4.

2 SWD mathematical programming model

The SWD model contains 16 decision variables that are
clustered into four tiers to facilitate investigation of different
factors that determine the optimal design of an SMB system.
Previous papers on the design of SMB systems can be con-
sidered as special cases of the SWD model, with the decision
variables in some of the tiers regarded as fixed (Xie et al.
2003b; Ludemann-Hombourger et al. 2000). The Tier0 con-
sists of two variables, the feed concentrations CF,1,CF,2.
The two are assumed to be real-valued and distinct. The
Tier1 variables determine the construction of the SMB unit
and consist of: column length Lc, column cross sectional
area S, number of columns Ncol , and particle diameter dp .

Tier2 variables are made of number of columns N
j
col in

zone j , for j = I, II, III. The seven Tier3 variables include
the five variables that are generally considered as operating
variables: interstitial velocity u

j

0 in the four zones, and the
average velocity of port movement v. The additional two
variables, which are unique to nonlinear systems, are the di-
luted plateau concentrations near the feed port Cs,i , i = 1,2
(Xie et al. 2003b).

In the SWD model, different SMB systems are repre-
sented by different input parameters. The model contains in
the set of constraints upper and lower bounds for all vari-
ables. The bounds are determined by physical restrictions,
maximum concentration limits, and solubility constraints.
It should be noted that the Standing Wave Theory is based
on true moving-bed processes. For this reason, the stand-
ing wave design can not guarantee the desired purity and
yield, if each of the four zones has only one column (which
in some situations could prove to be the optimal system).
However, most of the existing SMB systems have two or
more columns in each zone. For such systems, the standing
wave design can guarantee the desired purity and yield (Ma
and Wang 1997). In order to ensure the validity of the solu-
tions of the above model, a lower bound of two columns is
assumed for each zone.

In addition to the SWD equations, the model contains
several constraints that represent the requirements of mass
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balance at the ports, maximum operating pressure of the
system, and the desired annual production. A comprehen-
sive discussion of the other elements of the SWD model,
including precise descriptions of the input parameters, de-
cision variables, constraints, and objectives that are consid-
ered for optimization, is presented in Appendix.

The SWD model contains a number of constraints that
can be described as nonlinear, nonconvex functions of the
decision variables. Consequently this model is a mixed-
integer nonlinear programming problem and highly noncon-
vex (Biegler and Grossmann 2004; Luenberger 2003). Thus,
it presents a substantial computational challenge.

3 Optimization techniques

Although the field of nonlinear programming has evolved
for the last 50 years, no single-solution technique has been
recognized as having the capability of providing satisfactory
solutions to all problems.

Classical algorithms, such as steepest descent, Newton-
Rhapson, and quasi-Newton methods, are iterative and are
designed to efficiently solve models that satisfy convexity
requirements (which our model does not). Classical methods
often fail in solving nonconvex problems and will likely stop
at local rather than global optima (Luenberger 2003).

Methods that sample the feasible set, both deterministi-
cally (e.g., grid search) and stochastically, have been de-
veloped as a solution to the problem of obtaining a local
rather than a global optima. In these techniques, the feasible
set is sampled and the corresponding values of the objective
function are calculated. Stochastic optimization techniques,
where sampling for the global optima follows a probability
distribution, have been developed and are being used with
increasing frequency. At the heart of any stochastic opti-
mization algorithm is the opportunity for a jump to another
part of the feasible set that is independent of the current
point (i.e., acceptable moves do not always have to be asso-
ciated with better values of the objective function). Among
these algorithms, two stand out: Genetic Algorithm (GA)
and Simulated Annealing (SA). The former works on the
principle of mimicking a biological system, and the latter a
physical system.

GA, initially developed by Holland (1975), provides a
method, based on survival of the fittest, to intelligently
search the feasible set for global optima. The algorithm
works loosely as follows: A population (set of feasible
points), whose members are called chromosomes, is gen-
erated randomly. Chromosomes that yield greater fitness
(i.e., better values for the objective function) have a better
chance of surviving to the next generation. A new generation
of chromosomes is generated, either by crossover (splicing
together two chromosomes), or mutation (inducing radical

change in a chromosome). Mutations have the ability to take
the algorithm to a completely different location in the fea-
sible set, thus escaping local optima. The above steps are
repeated until the algorithm is halted. Common halting cri-
teria include stopping when there has been no improvement
observed in the value of the objective after many consecu-
tive generations, or after a specified computation time period
elapses.

In practice, GA has a strong record of finding a good so-
lution for unconstrained and integer valued problems. How-
ever, the efficiency of GA drops substantially in the presence
of a large number of constraints (Davis 1987, 1991). The
problem arises from the fact that it is possible, and often the
case, that the recombination for any two feasible members of
a generation is not feasible. There are modifications to GA
that transform the constrained optimization problem to an
unconstrained problem via a penalty function method. How-
ever, such modifications increase the difficulty of the search
for feasible points and adversely affect the performance of
the algorithm (Michalewicz and Fogel 2000).

During the mid 1980s, scientists at IBM (Kirkpatrick et
al. 1983) and Cerny (1985) independently suggested the
analogy between annealing and the solution of an optimiza-
tion problem. The SA algorithm mimics the behavior of a
physical system that is heated then cooled slowly, such as
growing crystals or annealing metals.

SA works by randomly searching the feasible set look-
ing for low (high) values of the objective function. The
search is not exhaustive, but is based on principles of sta-
tistical mechanics; it follows the Boltzmann probability dis-
tribution for reaching different states. This is equivalent to
the algorithm providing opportunities for jumps from cur-
rent location to other parts of the feasible set to continue
the search (Salamon et al. 2002); this in turn helps the al-
gorithm to escape entrapment in local optima and eventu-
ally reach the global optima (Michalewicz and Fogel 2000;
Salamon et al. 2002).

The literature shows that SA algorithms easily accommo-
date constraints, a major advantage in optimizing the SWD
model. Additionally it does not follow a greedy algorithm
approach; rather it “. . . is not biased by kinetic factors, i.e.,
by how rapidly we were able to locate a certain point,” (Sala-
mon et al. 2002). This property will decrease the likelihood
of getting trapped in local optima.

Both algorithms SA and GA have been combined with
other procedures to overcome some of the shortcomings
mentioned above (Davis 1991). In this paper, a hybrid of the
two algorithms will be introduced. SAGA utilizes the best
of SA and GA for optimizing the design of SMB systems.
As such it is qualitatively different from SWAT or any other
stochastic optimization technique.
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3.1 SAGA

Figure 1 is a detailed flowchart of the SAGA algorithm. In
this hybrid algorithm, determination of the integer portion of
the optimization problem (i.e., the total number of columns
and the number of columns in zones 1–3) is performed by
a GA algorithm, which is illustrated in left portion of the
flowchart. For ease of implementation, the GA toolbox pro-
vided by MATLAB is employed. The GA carries out a sto-
chastic search through the set of all feasible integer variables
within their bounds. A potential set of feasible integer vari-
ables constitutes the “chromosomes” from which the initial
population is formed.

The GA procedure is carried out with an initial popu-
lation of five, that is, five different sets of feasible values
for the integer variables are considered during each stage of
the algorithm. The initial population includes a chromosome
corresponding to the lower bound values of the variables
(8, 2, 2, 2). The other four chromosomes are constructed
by adding one more column to the total number of columns
and placing the additional column in each of the four pos-
sible zone locations. This can be thought of as starting with
the most basic configuration and moving a small amount in

each of these possible “directions.” All chromosomes from
the population are then evaluated for fitness using a custom-
designed SA algorithm, which is detailed in the right portion
of the flowchart.

The short execution time of SAGA (and SWAT) is at-
tributed to the custom-designed SA portion that includes a
sophisticated procedure called basin-hopping for the move
class. This procedure has been successfully applied to con-
tinuous variables, and as the name indicates, consists of
moves among local minima by the use of a gradient-based
optimizer (Wales and Scherega 1999). A detailed descrip-
tion of our implementation of the SA algorithm is provided
in Cauley et al. (2004, 2006). The SA inner loop of the algo-
rithm determines the values of the other 12 variables, such
that all constraints are satisfied and a stated objective func-
tion is optimized. The fitness of each chromosome is then
described by the value of the objective function.

The inclusion of our custom SA routine as a stochastic
fitness evaluation for a GA is, to the best of our knowledge,
unique in the SMB optimization literature. It is important to
note that an inherent degree of flexibility associated with SA
is built in this type of fitness evaluation. Given that the SA
procedure is used in conjunction with the GA-based search

Fig. 1 Flowcharts of the optimization program SAGA
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for column configuration, each configuration that exhibits
promise may be revisited in future generations.

The basic advantage of SAGA can be seen in the small
number of populations that need to be considered in GA. It
is important to recall that the GA in SAGA only optimizes
the column configuration. If we were considering noninte-
ger variables in the GA portion, we would need significantly
more chromosomes. This can be seen by examining just the
column length (LC : 10–100). For this variable, if we con-
sider an accuracy of 1.00E-2 satisfactory, there are approx-
imately 1.00E+4 possibilities (this is already more than the
total number of column configurations). If we were optimiz-
ing additional continuous variables by GA, it would become
necessary to take the product for all of those to describe the
complete search space. This example highlights the com-
putational advantage of using SA to optimize the model’s
continuous variables.

SAGA employs both mutation and crossover procedures
to perturb the current population to create a new, poten-
tially better, population (better values for the objective func-
tion). These procedures essentially reward “genes” that are
deemed to be beneficial, (i.e., the probability of removing
a value for the number of columns in a zone decreases
with uniformity of chromosomes). The new population is
then checked against previous populations using a stagna-
tion condition, which terminates the procedure when the fit-
ness of the chromosomes is not seen to improve over a fixed
period of time/generations. If the population meets the crite-
ria, the current best chromosome from the population will be
considered the optimizer, and an exhaustive SA procedure is
performed to determine the optimal values of the other vari-
ables for this column configuration. Otherwise the evalua-
tion process continues given this new population.

The ability of the SA algorithm to quickly and accurately
determine a fitness value for a possible column configuration
(chromosomes), given the sophistication level of this con-
strained optimization problem, is paramount to the success
of this procedure. Implementation of SAGA was coded in
MATLAB 7.0 and run on a 2.2 GHz Pentium 4. Table 4 sum-
marizes the distribution of computation times using SAGA,
for the solution of an optimization problem presented in the
next section. As will be seen, the computational efficiency
of SAGA allows us to undertake the analysis of a multi-
objective optimization problem comprised of more than one
hundred points in a few hours.

4 Results and discussion

In this section, the results of optimization by SAGA are pre-
sented and discussed for both single- and multi-objective
optimizations. The results from two single-objective opti-
mizations, maximum productivity and minimum cost will
be compared with the results obtained for the same opti-
mizations by use of the SWAT algorithm. It will be shown

that in each optimization the SAGA algorithm determines
an SMB system that exhibits improved performance when
compared to those determined by SWAT. The largest differ-
ence between the two algorithms, more than 9 percent, was
observed for the cost minimization of the high-pressure sys-
tem (5.2 MPa). These comparisons lead to the conclusion
that the SAGA procedure offers additional robustness in de-
termining the optimal SMB system. The results of a multi-
objective optimization of maximum productivity and mini-
mum desorbent consumption are presented and discussed in
the last section.

The specific example to illustrate and evaluate the use of
SAGA is the problem of the resolution of racemic mixtures
of FTC-esters. This separation was originally examined by
Xie et al. (2003a), where the reported stationary phase, mo-
bile phase, isotherm parameters, and mass-transfer parame-
ters appear in Table 1. More recently, an in-depth analysis of
this separation problem was presented in Cauley et al. using
SWAT optimization tool (Cauley et al. 2006), which will be
used as a benchmark in this paper.

In each section three SMB systems are analyzed; low-
pressure system (1.0 MPa), medium-pressure system
(2.4 MPa), and high-pressure system (5.2 MPa). For each
system the maximum operating pressure appears as the limit
in the pressure drop constraint. In all cases, the switching
time is set at 0.5 minute, yield is fixed at 0.99 for both enan-
tiomers, and annual production of 25,000 kg is assumed.
The bounds for the decision variables used in all optimiza-
tions are shown in Table 2, and the cost information used in
Sect. 4.2 are shown in Table 3.

Table 1 Input parameters for the FTC separation system

Minimum step time ts,min (min) 0.5

Yield, Y (%) 99

Purity, Pr (%) 99

Interparticle void fraction, εb 0.24

Intraparticle void fraction, εp 0.60

Extra-column dead volume 5.73

(% of the bed volume)

Viscosity μ (g/cm/min) 0.32

Mobile phase density ρ (g/cm3) 0.79

Packing density ρB (g/cm3) 0.60

Brownian diffusivity D∞ (cm2/min) 6.12 × 10−4

Intraparticle diffusivity Dp (cm2/min) 2.0 × 10−5

kf (cm/min) Wilson and Geankoplis (1966)

correlation

Eb (cm2/min) Chung and Wen (1968)

correlation

Isotherms (+)-FTC a = 1.12, b = 0.0168

(−)-FTC a = 2.12, b = 0.0383
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Table 2 Bounds of variables for optimal SMB design for FTC-ester
separation system

Variable Bounds

Feed concentration (g racemate/L) for FTC 10–80

CSP particle diameter dp (μm) 5–200

Column diameter dc (cm) 1–300

Column length Lc (cm) 10–100

Total number of columns Ncol 8–20

Number of columns in each zone Nj 2–(Ncol − 6)

Zone velocity u
j

0 (cm/min) 0.01–200

Average port moving velocity v (cm/min) 0.01–20

Table 3 Costs and other information used in all optimizations

Production rate (kg/year) 25,000

CSP (Chiralpak AD) price ($/kg) 15,000
(CSP price is independent of the
value of material parameters)

CSP depreciation period (years) 4

Solvent (methanol) price ($/L) 0.20

Solvent recycle ratio (%) 95

Solvent recovery cost ($/L) 0.10

Equipment depreciation period
(years)

7

Acquisition price of SMB
equipment

Low pressure system
(≤ 1.0 MPa): $700,000

Medium pressure system
(≤ 2.4 MPa): $1,000,000

High pressure system
(≤ 13.8 MPa): is a function
of column diameter dc (cm),
(−927.67d2

c + 260,600dc +
96,292)

4.1 Single-objective optimizations: maximum
productivity (PR)

In each case to maximize system productivity, SAGA se-
lected a nine-column configuration, where Zone 3 contains
three columns and the other zones contain two columns
each. This is in contrast to the SWAT (Cauley et al. 2006)
where identical or similar optimizations resulted in a config-
uration with two columns for each zone for a total of eight
columns. While the differences in productivity between the
eight- and nine-column systems are small, the more sophisti-
cated search associated with the SAGA was able to identify
an improvement in system design. In this case, the differ-
ences in system PR, about 3 percent, may or may not be eco-
nomically important, but this result illustrates the robustness
of SAGA to select an SMB system with higher PR and dif-
ferent column configuration that was overlooked by SWAT.
Furthermore, given that the SA portion of the two algorithms
use the same tolerance (i.e., 1.00E-8 were used for all con-
straints), we can conclude that the differences observed are

attributable to differences in algorithms rather than differ-
ences in tolerances.

Table 4 shows the above results and the results of op-
timizations performed by SWAT (Cauley et al. 2006). In
all optimizations, the optimal value for the variable feed
concentration correspond to its upper bound value of 80
(g racemate/L), and the optimal value for the variable col-
umn length is its lower bound value of 10 cm. The optimal
switching times to achieve maximum productivity are 2, 1.3,
and 0.9 minutes, respectively, for 1.0, 2.4, and 5.2 MPa sys-
tems, were found to be above the minimum port-switching
time of 0.5 min. The SAGA algorithm selected larger par-
ticle size, and higher interstitial velocity in all zones com-
pared to the SWAT algorithm.

4.2 Single-objective optimizations: minimum average
cost (AC)

For all cases the optimizations by the SAGA algorithm re-
sulted in a lower AC compared to the SWAT algorithm.
The highest difference between the two algorithms, more
than 9 percent, was observed for the high-pressure system
(5.2 MPa). Additionally, the SMB high-pressure system de-
termined by SAGA has a very different column configura-
tion, 2–5–7–2, as compared to the 2–2–2–2 column config-
uration found by the SWAT algorithm.

Table 5 summarizes the results of the two optimizations.
As was observed in the previous section, the optimal value
for the variable feed concentration correspond to its upper-
bound value of 80 (g racemate/L) and, the optimal value
for column length is its lower-bound value of 10 cm in
all optimizations. In general, SAGA selected larger parti-
cles, longer columns, and increased the interstitial velocity
in each zone as compared to SWAT.

4.3 Multi-objective optimization—maximum PR and
minimum DC

For many real world problems, it is difficult to decide on a
single objective. Often there are several competing objec-
tives that are relevant and expected to be included in the de-
cision process (Zhang et al. 2002, 2003; Cauley et al. 2004).
Frequently, a Pareto curve (nondominated solutions) is de-
veloped to examine the trade-offs between objectives. Such
a curve consists of the set of efficient points (Deb 2001).
Specifically, these points represent the solutions (values) to
the two objectives where any attempt to make one objective
better will make the other objective worse. The two objec-
tives considered in this section are: maximum productivity
(PR) and minimum desorbent consumption (DC).

To construct the Pareto-efficient curve, the SWD model
was augmented with an additional constraint requiring a
lower bound (lb) on the value of PR: PR ≥ lb. SAGA was
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Table 4 Objective maximum productivity chiral separation of FTC for SMB with maximum operating pressures 1.0, 2.4, and 5.2 MPa

FTC Objective maximum Objective maximum Objective maximum

productivity (MPa) 1.0 productivity (MPa) 2.4 productivity (MPa) 5.2

SMB equipment SWAT SAGA SWAT SAGA SWAT SAGA

Particle diameter (μm) 47.47 52.91 38.46 42.86 31.82 35.46

Column length (cm) 10.00 10.00 10.00 10.00 10.00 10.00

Column diameter (cm) 89.34 83.06 72.12 67.08 59.51 55.37

Total number of columns 8 9 8 9 8 9

Column configuration 2–2–2–2 2–2–3–2 2–2–2–2 2–2–3–2 2–2–2–2 2–2–3–2

Feed concentration
(g racemate/L)

80 80 80 80 80 80

uI
0 (cm/min) 28.02 31.28 42.91 47.89 62.93 70.22

uII
0 (cm/min) 19.89 22.11 30.46 33.86 44.66 49.64

uIII
0 (cm/min) 20.69 23.04 31.68 35.27 46.46 51.72

uIV
0 (cm/min) 18.98 20.80 29.07 31.86 42.63 46.71

Switching time (min) 2.14 1.95 1.40 1.27 0.96 0.87

Productivity
(kg product/kg CSP/day)

0.2276 0.2341 0.3492 0.3589 0.5129 0.5268

Table 5 Objective minimum average cost-chiral separation of FTC for SMB with maximum operating pressures 1.0, 2.4, and 5.2 MPa

FTC Objective minimum Objective minimum Objective minimum

average cost (MPa) 1.0 average cost (MPa) 2.4 average cost (MPa) 5.2

SMB equipment SWAT SAGA SWAT SAGA SWAT SAGA

Particle diameter (μm) 43.77 48.9 34.46 38.44 29.3 48.33

Column length (cm) 10.00 10.00 10.00 10.00 10.00 10.00

Column diameter (cm) 90.95 84.60 74.38 69.30 60.60 45.22

Total number of columns 8 9 8 9 8 16

Column configuration 2–2–2–2 2–2–3–2 2–2–2–2 2–2–3–2 2–2–2–2 2–5–7–2

Feed concentration
(g racemate/L)

80 80 80 80 80 80

uI
0 (cm/min) 23.75 26.58 34.30 38.25 53.33 78.90

uII
0 (cm/min) 16.87 18.84 24.37 27.12 37.88 52.57

uIII
0 (cm/min) 17.64 19.73 25.52 28.45 39.61 55.68

uIV
0 (cm/min) 16.22 17.93 23.50 25.92 36.45 47.95

Switching time (min) 2.51 2.27 1.73 1.57 1.12 0.81

Average Cost ($/kg) 79.31 77.94 64.51 63.57 120.53 109.16

run multiple times, and for each, a new value of lb, from
the feasible range for PR, was used in the above constraint.
Figure 2 shows the values of the two objectives for the three
pressure cases, where PR is on the x-axis and the minimum
DC achieved for that PR is on the y-axis. Table 6 shows
a summary of computation times to obtain each point plot-
ted on the figure. The computational efficiency of SAGA
is illustrated by a mean computation time of approximately
4.3 minutes for a point.

In all optimizations the optimal feed concentration is
80 g/L. In Fig. 2 we observe that for all cases the mini-

mum desorbent consumption for achieving a desired level
of PR increases, and the increase is exponential as the PR
approaches its maximum level for the system.

Figures 3, 4, and 5 show some of the optimal decision
variables. A close examination of graph A in the three fig-
ures show that SAGA finds increasing the particle size re-
sults in increasing PR, while keeping the DC at a mini-
mum. However, the optimal particle size decreases as the
maximum operating pressure increases. The optimal parti-
cle size to achieve maximum productivity is around 53, 43,
and 35 μm respectively for 1.0, 2.4, and 5.2 MPa systems.
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Fig. 2 Comparison of
Pareto-efficient solutions
for 1.0, 2.4, and 5.2 MPa
maximum pressures; objectives
maximum productivity and
minimum desorbent
consumption

Table 6 Summary of SAGA computation time per optimization

Mean 4.29 min

Median 3.72 min

Standard Deviation 2.06 min

Minimum 1.90 min

Maximum 15.24 min

Sample size 116

Higher productivity is closely related to higher zone ve-
locities and shorter switching times, as shown in graphs B,
C, and D in the three figures. To increase PR while keeping
the DC low, SAGA decreases the switching time as shown in
graph B in the three systems. The optimal switching times to
achieve maximum productivity are 2, 1.3, and 0.9 minutes,
respectively, for 1.0, 2.4, and 5.2 MPa systems. The feed
velocity, which is the difference between the velocities in
Zone III and Zone II, is relatively low for all three systems
in the range close to the point where maximum productivity
is achieved.

SAGA selects the smallest diameter columns that can
meet the production requirement in order to achieve the
maximum productivity. As shown in graphs E and F in
the three figures, SAGA chose as the optimal system, nine
columns with the column length of 10 cm with the exception
of points that correspond to very low productivity. The col-
umn length of 10 cm is the lower bound used in this study.
A shorter column permits the use of smaller particle size,
which results in higher PR. The choice of the nine and more
columns for an SMB system is unlike what is reported in
the literature for this problem (Lee et al. 2005b; Cauley et
al. 2006).

5 Conclusion

Earlier research has concluded that the stochastic optimiza-
tion algorithm, SWAT, was at least as accurate and in order
of magnitude more computationally efficient than a deter-
ministic sampling procedure (grid search) in determining the
optimal design of a SMB system. A potential source of error
in SWAT was the use of a deterministic branch-and-bound
algorithm to determine the system configuration.

This paper introduces a new algorithm that is a hybrid
between two stochastic optimizing techniques, GA and SA.
By replacing the deterministic branch and bound in SWAT
with the stochastic GA for determining the integer variables
of the model, we are presenting an algorithm that is both ro-
bust and computationally efficient. SAGA utilizes the best
of SA and GA for optimizing the design of SMB systems.
Results of single- and multi-objective optimizations are pre-
sented and discussed.

Nomenclature

ai = Langmuir isotherm parameter of component i based on
solid volume, L/L S.V.
AC = average purification cost, $/kg
bi = Langmuir isotherm parameter of component i, L/g
CSPC = average CSP cost, $/kg
CCSP = CSP price, $/kg
CE = acquisition price of SMB equipment, $
CF,i = feed concentration of component i, g/L
Cp,i = plateau concentration of component i, g/L
Cs,i = diluted plateau concentration of component i at the
feed port, g/L
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Fig. 3 Pareto-efficient solutions for decision variables for 1.0 MPa maximum pressure; objectives maximum productivity and minimum desorbent
consumption. The optimal feed concentration is 80 g/L for all solutions and yield is fixed at 0.99 for both enantiomers

CSol = solvent price, $/L
C

Rcy
sol = solvent recovery price, $/L

dc = column diameter, cm
dP = particle diameter, μm
DP,i = intra-particle diffusivity of component i, cm2/min
D∞,i = Brownian diffusivity of component i, cm2/min
DC = desorbent consumption, L/kg
DV = extra-column dead volume, cm3

EqC = average equipment cost, $/kg
E

j
b,i = axial dispersion coefficient of component i in zone j ,

cm2/min
k
j
f,i = film mass transfer coefficient of component i in

zone j , cm/min
Ke,i = size exclusion factor for component i

K
j
i = lumped mass transfer coefficient of component i in

zone j , min−1
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Fig. 4 Pareto-efficient solutions for decision variables for 2.4 MPa maximum pressure; objectives maximum productivity and minimum desorbent
consumption. The optimal feed concentration is 80 g/L for all solutions and yield is fixed at 0.99 for both enantiomers

Lc = single column length, cm
Ncol = total number of columns in SMB
N

j
col = number of columns in zone j

P = 1−εb

εb
= Phase ratio

PR = productivity, kg product/ kg CSP/ day
PurE

req = purity required for extract
PurR

req = purity required for raffinate
Q = annual production, g

rE = depreciation period of equipment, year
rCSP = depreciation period of CSP, year
S = column cross sectional area, cm2

SolC = average solvent cost, $/kg
SRcy = solvent recycle ratio, %
t = duration of production, min
ts,min = minimum step time, min
uF,max = maximum feed interstitial velocity, cm/min
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Fig. 5 Pareto-efficient solutions for decision variables for 5.2 MPa maximum pressure; objectives maximum productivity and minimum desorbent
consumption. The optimal feed concentration is 80 g/L for all solutions and yield is fixed at 0.99 for both enantiomers

u
j

0 = interstitial velocity in zone j , cm/min

v = average port moving velocity, cm/min

Yi = yield of component i

Greek Letters

β
j
i = decay factor of standing component i in zone j

δi = retention factor of component i

�pj = pressure drop for zone j , MPa

�pmax = maximum pressure drop, MPa

εb = interparticle void fraction

εp = intraparticle void fraction (or particle porosity)

ρ = mobile phase density, g/mL

ρB = bulk packing density, kg/m3

μ = viscosity, g/cm/s
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Subscripts and Superscripts

i = component index
j = zone number index
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Appendix: Model of nonideal nonlinear SMB system
for binary separation

Input parameters: PurE
req , PurR

req , DV ′( DV
LcS

), ts,min, �pmax,

εb(P = 1−εb

εb
), εp , ρ, ρB , μ, and ai , bi , Dp,i , D∞,i , Ke,i , Yi

for i = 1,2
Decision variables:
Tier0 variables: CF,1, CF,2.
Tier1 variables: S,dp,Lc,Ncol .

Tier2 variables: N
j
colj = I, II, III.

Tier3 variables: v,u
j

0j = I, II, III, IV, Cs,i , i = 1,2
Derived variables:

λF = 4a1a2b1b2CF,1CF,2;
χF = −a1(1 + b2CF,2) + a2(1 + b1CF,1);

γ+,F =
χF +

√
χ2

F + λF

2a2b1CF,2
; λ = 4a1a2b1b2Cs,1Cs,2;

χ = −a1(1 + b2Cs,2) + a2(1 + b1Cs,1);

γ− = χ − √
χ2 + λ

2a2b1Cs,2
;

Cp,1 = a1 − a2

a2b1 + a1b2
γ−

; Cp,2 = a2 − a1

a1b2 + a2b1γ+,F

;

δI
2 = εp + (1 − εp)a2 + DV ′

1 − εb

;

δII
1 = εp + (1 − εp)

(
a1

1 + b2Cp,2

)
+ DV ′

1 − εb

;

δIII
2 = εp + (1 − εp)

(
a2

1 + b1Cs,1 + b2Cs,2

)
+ DV ′

1 − εb

;

δIV
1 = εp + (1 − εp)

(
a1

1 + b1Cp,1

)
+ DV ′

1 − εb

Axial dispersion coefficients:

E
j
b = u

j

0εb(dP 10−4)

0.2 + 0.011(
ρu

j
0εbdP 10−4

60μ
)0.48

, for j = I, II, III, IV

Film mass transfer coefficients:

k
j
f,i = 1.09(u

j

0)
1
3

(
εbdp10−4

D∞,i

)− 2
3

,

where for j = I, III, i = 2 and for j = II, IV, i = 1

Overall mass transfer coefficients:

1

K
j

2

= (dp10−4)2

60KeiεpDp,i

+ dp10−4

6k
j
f,i

,

where for j = I, III, i = 2 and for j = II, IV, i = 1

Ratio of highest concentration to the lowest concentration of
the standing wave in each zone:

βI
2 = ln

(
uI

0(u
III
0 − uIV

0 )Y2

uIV
0 (uI

0 − uII
0 )(1 − Y2)

)
;

βII
1 = ln

(
(uI

0 − uII
0 )(uIII

0 Cs,1 − (uIII
0 − uII

0 )CF,1)

uII
0 (uIII

0 − uII
0 )CF,1(1 − Y1)

)

βIII
2 = ln

(
(uIII

0 − uIV
0 )Cs,2

(uIII
0 − uII

0 )CF,2(1 − Y2)

)
;

βIV
1 = ln

(
uIV

0 (uI
0 − uII

0 )Y1

uI
0(u

III
0 − uIV

0 )(1 − Y1)

)

Maximum feed interstitial velocity:

uF,max = P 2(δIII
2 − δII

1 )2

4(
PβIII

2 (δIII
2 )2

K III
2 N III

colLc
+ PβII

1 (δII
1 )2

K II
1 N II

colLc
)

−
(

βIII
2 EIII

b

N III
colLc

+ βII
1 EII

b

N II
colLc

)

Subject to constraints:
I. Bounds on variables:

CF,min ≤ CF,1 + CF,2 ≤ CF,max; Smin ≤ S ≤ Smax;
dp,min ≤ dp ≤ dp,max; Lc,min ≤ Lc ≤ Lc.max;
Ncol,min ≤ Ncol ≤ Ncol,max; N

j

col ≥ 2, j = I, II, III;
u

j

min ≤ u
j

0 ≤ u
j
max,

j = I, II, III, IV; v ≤ Lc,min

ts,min

II. Linear system constraints:

Cs,i ≤ CF,i, i = 1,2; CF,1 = CF,2;
uIII

0 < uI
0; uII

0 < uIII
0 ; uIV

0 < uI
0;

uII
0 < uI

0; uIV
0 < uIII

0
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III. Non-linear system constraints:

(a2b1γ
2+,F + a1b2γ+,F )Cs,2 − (a2b1γ+,F + a1b2)Cs,1

+ (a1 − a2)γ+,F = 0

uIII
0 − uII

0 ≤ uF,max; uIII
0 Cs,1 − (uIII

0 − uII
0 )CF,1 > 0;

uIII
0 − uII

0

uIII
0 − uIV

0

CF,1Y1 = Cp,1;

PurE = CF,2Y2

CF,2Y2 + CF,1(1 − Y1)
≥ PurE

req;

PurR = CF,1Y1

CF,1Y1 + CF,2(1 − Y2)
≥ PurR

req

IV. SW equations:

ν − u1
0

1 + Pδ1
2

= − β1
2

(1 + pδ1
2)N1

colLc

(
E1

b + Pν2(δ1
2)2

K1
2

)

ν − uII
0

1 + Pδ1
II

= − βII
1

(1 + pδII
1 )N II

colLc

(
EII

b + Pν2(δ1
II)

2

K1
II

)

ν − uIII
0

1 + Pδ1
III

= − βIII
1

(1 + pδIII
1 )N III

colLc

(
EIII

b + Pν2(δ1
III)

2

K1
III

)

ν − uIV
0

1 + Pδ1
IV

= − βIV
1

(1 + pδIV
1 )N IV

colLc

(
EIV

b + Pν2(δ1
IV)2

K1
IV

)

Lc − vts,min ≥ 0

V. Demand constraint:

Qmin ≤ Q ≤ Qmax; for Q = 1

103
Sεb(u

III
0 − uII

0 )CF,pYpt

VI. Pressure drop constraint:
∑

j �pj = �pmax; where

�pj =
(

150μu
j
oN

j

colLcP
2

d2
p

(
106

6

)

+ 1.75ρ(u
j

0)
2N

j

colLcP

dP

(
1

3.6

))
10−6,

j = I, II, III, IV

Objective functions used in the optimizations:
Productivity (PR): PR = Q

ρBV (365)

Desorbent Consumption (DC): DC = 1000(uI −uIV )

(uIII−uII)CF,P YP

Average Cost (AC): AC = EqC + CSPC + SolC ($/kg),
where

EqC = CE

QrE
; CSPC = CCSPSLcρBNcol

QrCSP
;

SolC = Sεbt

Q
[(uI

0 − uIV
0 ) + (uIII

0 − uII
0 )]

× [Csol(1 − SRcy) + C
Rcy
sol SRcy]
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